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Abstract. Let (M,g) be a compact Ricci-flat 4-manifold. For p G M let 
Kmax{p) (respectively K m i n (p)) denote the maximum (respectively the min- 
imum) of sectional curvatures at p. We prove that if 

K max (p) < -cK 

in i n (p) 

for all p € M, for some constant c with < c < 2+ 4 v ^ i then (M.g) is flat. 

We prove a similar result for compact Ricci-flat Kahler surfaces. Let (M, g) 
be such a surface and for p G M let H ma x{p) (respectively H m i n (p)) denote 
the maximum (respectively the minimum) of holomorphic sectional curvatures 
at p. If 

H ma x(p) < -cH min (p) 
for all p £ M, for some constant c with < c < 1 "^ 2 V ^ , then (M,g) is flat. 



1. Introduction 

Let (Af, (?) be a compact Einstein n-manifold, n > 4. One is interested in under- 
standing curvature conditions which force <? to be locally symmetric. More precisely, 
one seeks pointwise restrictions on curvature (not involving global quantities such 
as volume and diameter) which imply local symmetry of (M,g). One of the early 
results in this direction is due to Tachibana [5]: If (M,g) has nonnegative cur- 
vature operator then it is a compact symmetric space. S. Brendle [2 generalized 
Tachibana's result by obtaining the same conclusion under the assumption that 
(M, g) has nonnegative isotropic curvature. In particular, the result is also true if 
(M, g) has positive quarter-pinched sectional curvature. 

The case of four-dimensional Einstein manifolds has attracted special attention, 
as it is the lowest dimension for which the Einstein condition is strictly weaker than 
that of constant sectional curvature. C. LeBrun and M. Gursky [3] proved that if 
(M, g) is a compact oriented Einstein 4-manifold with positive intersection form 
and nonnegative sectional curvature then (M, g) is isometric to (CP 2 , go), where go 
is a constant multiple of the Fubini-Study metric. Yang [5] proved the following: 
Let (M,g) be a compact Einstein 4-manifold normalized so that Ric — g. If the 
sectional curvatures K satisfy K > 0.1 then (M,g) is isometric to a round 4-sphere 
or to (CP 2 , go), go as above. 

The above results concern Einstein manifolds with positive scalar curvature. 
There are relatively few results when the scalar curvature is zero or negative. The 
only such result we are aware of is that of Y. T. Siu and P. Yang [4]: Suppose that 
(M, g) is a compact Kahler-Einstein surface with nonpositive holomorphic bisec- 
tional curvature. Let H av (p) (respectively H max (p), H min (p)) denote the average 
(respectively maximum, minimum) holomorphic sectional curvature at p. Suppose 
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for some c < 2 -f= , one has 

H av (p) - Hminip) < c(H max (p) - H mm (p)) 

at every p £ M. Then (M, g) is a complex-hyperbolic space form. 

The first result we prove in this paper arose out of an attempt to prove an ana- 
logue of the Siu-Yang result for Riemannian 4-manifolds when the scalar curvature 
is zero or negative. While the method we employ does not seem to work in the 
negative case, we have the following result for Ricci-flat 4-manifolds. 

Theorem 1.1. Let (M,g) be a compact Ricci-flat 4-manifold. For p £ M let 
K max {p) (respectively K m i n {p)) denote the maximum (respectively the minimum) 
of sectional curvatures at p. If 

K max (p) < -cK min (p) 
for all p £ M, for some constant c with < c < 2+ (f^ , then (M, g) is flat. 

This condition appears natural in light of the following observation (which follows 
from Lemma [2731 below) : If (M,g) is an arbitrary Ricci-flat 4- manifold, then 

(1-1) - -K min (p) < K max (p) < -2K min (p) 

for any p £ M. Now let a, c be two constants such that 

-aK min (p) < K max (p) < -cK min (p) 

for each p £ M. Then it follows from the pair of inequalities (jl.lj) that if < c < \ 
or a > 2, then (M,g) must be flat. Note that in Theorem 11.11 one assumes that 
< c < ru 1.112 whereas the same conclusion follows. 

Our second result is an analogue of the Siu-Yang result for Ricci-flat Kahler 
surfaces: 

Theorem 1.2. Let (M,g) be a compact Ricci-flat Kahler surface. For p £ M let 
H max {p) (respectively H m i n (p)) denote the maximum (respectively the minimum) 
of holomorphic sectional curvatures at p. If 

H m ax{p) < -cHminip) 

for all p £ M , for some constant c with < c < > ^ en (Mi ff) * 5 fl a t- 

The proof of Theorem 11.11 is based on a Bochner-type formula for the curvature 
tensor of any Einstein n-manifold. This formula, which follows easily from the 
evolution equation of the curvature tensor under the Ricci flow, actually requires 
the curvature tensor to be Einstein rather than just harmonic. Given the Bochner 
formula, one evaluates it at a point where the minimum sectional curvature is 
attained. The Laplacian of the sectional curvature function should be nonnegative 
at this point. However, if the metric is not flat and the pinching condition in 
Theorem 11.11 holds, then the Bochner formula will imply that the Laplacian is 
negative. To see this, we use a special orthonormal frame for Einstein 4-manifolds 
constructed by M. Berger [T]. The proof of Theorem 11.21 is similar except that we 
use the Bochner formula and special orthonormal frame from [3]. 
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2. Proof 

2.1. Preliminaries: The first lemma is an easy consequence of the evolution equa- 
tion for the curvature tensor under the Ricci flow : 

Lemma 2.1. Let (M,g) be an Einstein n-manifold with Ric — Xg. We then have 

AR + Q(R) = 2XR, 
where, in an orthonormal frame, 

Q{R)ijki = ^{Bijki — Bijik + Bikji — Bujk) 

and 

Bijkl — RipjqRkplq 

where the sign convention for Rijki is such that Rijij is sectional curvature. 

The next lemma is elementary and well-known: 

Lemma 2.2. Let (M,g) be a Riemannian A-manifold. (M,g) is Einstein if and 
only if for every p € M and 2 -dimensional subspace V C T p M , we have 

K{V) = K{V^) 

where K(V) denotes sectional curvature ofV. 

Finally, we have a lemma of Berger [I] : 

Lemma 2.3. [M. Berger] Let (M,g) be an Einstein 4-manifold and p £ M. Then 
there exists an orthonormal basis {eo, ei, e 2l e{\ of T p M such that the following 
hold: 

(1) Kq\ = K max {p) 

(2) K 03 = K min (p) 

(3) Rijik — for j 7^ k and < i, j, k < 3. 

(4) l-Rom - -R0231I < K01 — K02 and |i?023i - -R0312I < ^02-^03- 

An immediate corollary is 
Corollary 2.4. Let (M,g) be a Ricci-flat manifold. We have 

~K m in(p) < K max {p) < -2K min (p) 

at every p € M . 

2.2. Q(R) in dimension 4: Let (M, g) be an Einstein 4-manifold with Ric = Xg. 
In this section we find an expression for the "sectional curvatures" of the (0, 4)- 
tensor Q(R): 

(2.1) Q{,B\ijij ^{B^jij B^jji -\- Biijj B^jjj^j 

= 2(R ip j q + RipiqRjpjq — 2Ripj q Rjpi q ) 

Let {eo, ex, e%, e 3 } be an orthonormal basis as in Lemma 12.31 We then have 

-Q(i?)o303 = -^03 + ^0132 + ^0231 — 2i?oi 32 i?3i02 ~ 2i? 231^3201 + ^01-^31 + K 02 K 32 
= ^03 + 2-Koi(A — Koi — Kos) + Rqi 32 + -^0231 — 4i?oi32-R3102- 

In the second equality we have used the following chain of equalities: Since 

K31 = K 02 and K 32 = K i 
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we have 

K 01 K 31 + K 02 K 32 = 2K 01 K 02 = 2K 01 {\ - K 01 - K 03 ). 

Therefore 

^Q(i?)o303 = + 2(A - K 03 )K 01 - 2K 2 m + q 

where 

1 = ^0132 + ^0231 — 4_Roi 32 i?3i02- 

2.3. Estimates for q: 

In this section assume that (M,g) is a Ricci-flat 4- manifold which is not flat. 
For p £ M assume that the basis of T p M coming from Lemma |2~31 satisfies Kqi = 
K m ax = 1, Kq3 = K m i n — — <5. One then has Kq 2 =6—1. Also it follows from 
Corollary |2~41 that 

- < 6 < 2. 
2 ~ ~ 

First note that 

1 = ^0132 + ^0231 — 4i? 0132 i?3i02 
= -^0123 + ^0231 + 4i?Ql23-Ro231 



Let x = i? i23, V = -R0312 and z = R 023 i. Then 

(2.2) \x-z\<2-6, and \z-y\<26-l. 
Since 

x + y + z = 

(gH) gives 

(2.3) |x-z|<2-(5, and |af + 2z| < 26 - 1. 



We want to find the global maximum and minimum of 

q(x, z) = x 2 + z 2 + 4:XZ 

on the polygonal region D defined by the inequalities (|2.3I) in R 2 (with coordinates 
(x,z)). 

The four line segments bounding D are given by 

z = .x ± (2 — oj, z = 

and the vertices of D are 

Pi = (l,o-l), p 2 = -pi, P3 = — 5 — , — 5— ), P4 = -pa- 



3 ' 3 



The values of q at these corner points are 
(2.4) 



33c5 2 - 42<5 + 6 ll<S 2 -14<5 + 2 



q(Pi) = q(p 2 ) =6 2 + 26-2, q{p 3 ) = q(p A ) = 
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Note that q cannot have a local maximum or minimum in the interior of D as 

/ 2 4 

Hessian(g) = ( 4 2 

is neither positive nor negative definite. If q has a critical point (a;, z) in the interior 
of any line segment comprising the boundary of D, then 

(Vq(x,z),X)=0 

where X = (1, m) is a nonzero tangent vector to the line at (x, z). This gives 

x + 2z + m(2x + z) = 0. 
We then have two possibilities: 

2-5 (2-S) 2 

(2.5) m = 1, x = — z = ± — - — and q = 

or 

(2.6) m = ~\ z = ' X = ± ( 2S ~ 1 ) and q = (25 - l) 2 . 



Combining (|2T4j) . (|275li and (I2T6|) . we see that 

q > mm {5 2 + 25 - 2, , -- — j 

We note the following facts: First, mm \{5 2 + 25-2), (jjj!z^M±gl | > fo r 
all values of J. Second, the critical points (±^p, =p ^i^) corresponding to the critical 

value —^p— of g belong to the polygonal region D if and only if 5 > | = 0.8. 
Hence 



(2-Sf 



(2.7) q > 



if 5 > 



2 " " — 5' 

min \d 2 + 25 - 2, 11<?2 ~ 14a + 2 ) otherwise. 



2.4. Sign of Q(R): 

When (M,g) is a Ricci-flat 4-manifold and {eo, ei, e2, 63} as in Lemma T2. 3 1 one 
has 

Q(i?)o303 = ^03 + 2(A - K 03 )K 01 - 2K 2 X + q 
= 5 2 + 25 - 2 + q 

We now use the lower bound l|2.7|l : 

If q > -^y^-, then 

Q(R)o303 > I + 85 - 8) 

which implies that 

(2.8) Q(i?)o303 >0 if 5 > 2(v / 6 - 2) - 0.8989 
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In conclusion, we have 



Q(*)o303 >0 if ^ <5 ^=fc^±*>~ 1.112. 

Although if 5 < |, then nothing can be concluded about the sign of Q(i?)o303 from 
the above calculations. 

2.5. Proof of Theorem [HI1 

Suppose (M,g) is a compact Ricci-flat 4-manifold such that for all p £ M, 

K max (p) < — cK min (p) where < c < ^ v ^ t ~ 2 ) . We will assume that {M,g) is not 
flat and get a contradiction. Let p be a point in M where the minimum sectional 
curvature (over all 2-dimensional subspaces of tangent spaces) K m i n (p) ^ is 

attained. Rescale g so that K max {p) = 1. If 5 := —K min (p) then S^ 1 < ^ v ^ +2 ^ by 
hypothesis. 

Let {eo, ei, e2, 63} be a basis of T p M as in Berger's Lemma. Choose r less 
than the injectivity radius at p and extend the basis to an orthonormal frame 
{Eo, Ei, E2, £3} on B p (r) by parallel translating eo, e\, e<2, e§ along radial geodesies 
(starting at p) . One then has 

\7 Ei E J (p) = \7 Ei \7 Ei E J (p) = 

for all i,j and hence 

A{R{E ,E 3 ,E ,E 3 ))(p) = (Ai?)(e , e 3 , e , e 3 ) 
Since p is a minimum for the function x t— > R(Eq(x), E 3 (x), Eq(x), £3(0;)), we have 

A(R(E ,E 3 ,E Q ,E 3 ))(p) > 0. 
On the other hand, (AR)(eo,e 3 ,eo,e 3 ) = —Q(R)(eQ,e 3 ,eo,e 3 ) < if 5 < 
^ 4 +2 ^ ■ This contradiction completes the proof. □ 

Remark: Instead of considering the point of minimum for sectional curvatures 
we can also consider the point of maximum. In this case we work with the equation 

(Ai?) ioi = — Q(-R)oioi- 

Now 



with 



Q(R) 0101 = K 2 X - 2K 01 K 03 - 2K 2 3 



1 — ^0231 + ^0312 + 4i?0231-Ro312- 



H)231 "i" -"-0312 

In order to estimate q one works with the region defined by the inequalities 
\y + 2z\<2-S, and \z-y\<25-l 

and sees that 

25 2 - 145+11 



q < max ^ % > (2-S) 2 , (l + 25 - 26 2 )} = (2-Sf 

Proceeding as before, one finds that 

Q(R)aioi < if S > - 1 ~ 1.45 

or equivalently, 

0(i?)oioi < if 5- 1 < ^ + 1 ~ 0.69. 



if S > 1. 



RICCI-FLAT METRICS 



7 



Hence one gets a weaker restriction on 6 (respectively S 1 ) by considering the 
minimum. 

2.6. Kahler-Einstein surfaces. This section is based on the computations of 

Siu-Yang |3] and we refer the reader to it for details. 

Let (M, J, g) be a compact Kahler-Einstein surface, with J denoting the almost- 
complex structure, and let p e M. Then one has 

1 2 

(2.9) -(H max (p) - H min (p)) < (H av (p) - H min (p)) < -{H max ~ H min (p)) 

where H denotes hololomorphic sectional curvature. If we assume that assume that 
(M, J, g) is Ricci-flat, then H av — and the pair of inequalities (12.91) reduce to 

(2.10) -^H mm {p) <H max {p) <-2H min (p). 

Let a, c be constants such that 

-aH min (p) < H max (p) < -cH mm (p) 

for each p S M . Then as in the previous case of Ricci-flat Riemannian 4-manifolds, 
it follows from the inequalities (|2.10p that if < c < | or a > 2, then (M, g) is flat. 

Now let {e 1; e 2 } be an unitary frame of T®M, the holomorphic tangent space 
at p. Note that 

e x = -^j=(u- ^f^lJ{u)), e 2 = -^=(u- \/ Z Tj(w)) 

for an orthonormal set {u, J(u), v, J(v)} C T p M . Also 

i? im = K(u, J(u)) = H( ei ), R im = K(u, v) + K(u, J(v)) 

where H(e\) denotes the holomorphic sectional curvature of the complex line spanned 
by ei. 
Suppose 

Ric = Xg. 

Let = H(e\) be critical among all holomorphic sectional curvatures at p. 

Then R a pjg vanishes at p whenever precisely three of a, f3, 7, 5 are equal and we 
have the following Lemma due to Siu and Yang [3] 

Lemma 2.5. (Proposition 2, [3]) 

(AR) 1I1I = -AR 1 - 12 - 2 + \B\ 2 , 

where 

A = 2i? x j 2 2 — -Rllll, B = i?i212- 

Also 

2 2 

H au = 3^ = 3(^1111 + ^1122)- 
Assume further that = H m i n (p). Then 

A = —3H min (p) and \B\ = 2H max + H min . 
Using Lemma 12.51 we obtain 

(2.11) (AR) 1 in = —3H min + (2H max + H min ) 2 . 
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Therefore 

(Zli?) mi < if H max < —cHmin 

for any c satisfying 

< c < ^ 1.366. 

2 

Remark: Instead of considering the point of minimum for holomorphic sectional 
curvatures consider the point of maximum. Assume that -Rim = H max {p). Then 
we obtain the following expression 

(Ai2) im = -AR ll2 z + \B\ 2 , 

where 

A = -3H max (p), \B\ = -(H max (p) + 2H mm (p)). 
Thus in this case 

(A-R)im = —2>H^ nax + (2H min + H max ) 2 > \fH rnax < -cH mm 
for any c satisfying 

< c < s/l- 1 - 0.73. 
which is a stronger restriction on c than the one obtained by considering the mini- 
mum. 
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